In hybrid systems theory one often assumes (i) existence of solutions (ii) uniqueness of solutions and (iii) non-Zenoness (i.e. at most a finite number of events in a finite time interval). Sufficient identity matrix of any dimension. For a vector U E Rk, we write ' O' when ' for all E ' .
Introduction
It is surprising to see that in hybrid systems theory studies of well-posedness are quite rare. One often assumes that solutions exist, are unique and have a finite number of events in a finite time interval. However, verifiable conditions for these properties are hardly ever presented. It is obvious that studying well-posedness issues for the complete class of hybrid systems (HS) is an impossible task. The attention in this paper will therefore be restricted to the subclass of linear complementarity systems (LCS) as introduced in [ 131. The class of (linear) complementarity systems includes mechanical systems subject to unilateral constraints, electrical networks with diodes, piecewise linear systems, variable structure systems, systems with saturation, deadzones or Coulomb friction, projected dynamical systems and relay systems (see [8] for an overview). In view of this wide range of applications, it seems worthwhile to study well-posedness issues for LCS.
LCS(A, B , C, D) is given by matrices
In this paper, the following notational conventions will be inforce. Forapositiveintegerk,wedenotetheset(l, .. . , k! by k. Given . E = ( C , ) 4 G~ is a collection of dynamical systems.
For mode q these are given by the ordinary differential equations (ODE) i = f, (z) or by the differential and algebraic equations (DAE) f , ( i , z ) = 0. * A = ( A , ) , G~. A, c R" is the jump set for mode q consisting of the states from which a mode transition and/or state jump occurs.
is the set of jump transition maps where G , is a (possibly multi-valued) map from A, to a subset of R" x Q.
The state zo is inconsistent for f(i, z) = 0, if there is no smooth solution z to the DAE satisfying z(0) = 20. We assume that in case C, is given by DAE, the inconsistent states of C, are a subset of A,.
A brief description of the dynamics is given as follows [I] . Starting in a continuous state zo E R" \ A, in mode qo, one evolves according to the mode dynamics given by
Cqo until one reaches -if ever -A,,,, say at the event time ti. From this set a transition is enabled and must be fired instantaneously. The transition is governed by the relation
From this new state zl in mode 91. it is possible that again a transition takes place, i.e. zl E Aql. Otherwise, a continuous phase given by the dynamics C,, will follow. It must be stressed that the reformulation of a model description like (I) (think of a unilaterally constrained mechanical system) as a hybrid automaton is far from trivial. Especially the explicit calculation of the jump sets A, and the jump transition maps G, can be difficult.
LCS as a hybrid automaton
To rewrite LCS (1) as a hybrid automaton, the variable z is taken to be ( U , x, y ) although in some parts (e.g. in G) the formulation is more convenient in terms of x only. Recall that (IC) states that ui ( 1 ) = 0 or yi ( t ) = 0 for each i E k.
This results in a multimodal system with 2_" modes, where each mode is characterised by a subset I of k , indicating that Assuming uniqueness of solutions, the evolution on the consistent subspace may equivalently be described by a linear ODE . ? = F I X . Note that the system (1) evolves in mode I as given by (2) as long as the remaining inequalities in (IC) (3) are satisfied. Hence, the jump set AI is given by ui = 0, i E I C . ui(t) 2 0, i E I yi(t) 1 0, i E I C AI = (xo E R" I there is no smooth solution(u, x , y ) of (2) for mode I satisfying x(0) = xo and (3) on [0, E ) for some E > 0 ) . The jump transition function G I only depends on the state x(r-)just before the event time r , and not on the previous mode. Also U and y do not play a role in the mode selection.
Hence, G I ( z ) = G ( x ) and is defined by the so-called rational complementarity problem RCP(x) [ IO] . RCP(x) aims at finding rational vector functions y(s) and u ( s ) such that
and moreover, there must exist a a0 > 0 such that for all with urrg(s) strictly proper (i.e. lims-.,co ureg(s) = 0) will be of the form u ( t ) = ~f = o~-i S ( i ) + ureg(t), where 6 is the delta or Dirac distribution, S ( i ) is the i-th derivative of 6 and ureg is a real-analytic function (even Bohl function). Similarly, let y ( t ) denote the inverse Laplace transform of v(s). Taking U ( t ) as input to the system (la) with initial state results in a state trajectory x ( t ) . In case the solution to RCPisstrictlyproper, ( u ( t ) , x ( r ) , y ( t ) ) satisfies thesystem's equations (1) on a small interval [0, E ) . In case the solution to RCP is not strictly proper, the impulsive part of u ( t ) will resultinastatejumpfromx tox+ asdescribedin(5)(see [7] ) and the inverse Laplace transform satisfies the equations in an 'initial distributional sense' [9,10]. Hence, G as in (5) selects a mode in which a 'local' distributional solution to (1) exists. Further details can be found in [9, IO] . Particularly, in [9] it is shown that the above mode selection and re-initialization procedure corresponds for linear mechanical systems with unilateral constraints to the inelastic impact case. Moreover, in some cases the jump of the state variable can be made more explicit in terms of the linear projection operator onto the consistent subspace of the new mode along a jump space ~91.
Existence of solutions

Deadlock
Construction of a solution to a hybrid automaton as in section 2 fails when the hybrid state ( z , 40) satisfies z E Aqo and G,,(z) = 0: a transition must happen, but there is no mode to switch to (deadlock).
Definition 4.1
The LCS is weakly solvable, if RCP(x0) has a solution for all initial states xo E R". Stated differently, if there exists from all xo E R" a state jump or a smooth continuation on [0, E ) for some E > 0.
Infinite multiplicity
Weak solvability does not guarantee that a solution exists on an interval of nontrivial support, because infinitely many jumps might occur at the time instant 0 without smooth continuation on an interval (0, E ) for some E > 0. In this case, the event time 0 is said to have infinite multiplicity. When there are only finitely many jumps, the number of (non-void) jumps that occur is called the multiplicity of that event time.
In this context one often encounters the term 'non-Zeno' in hybrid systems theory, where it means that a solution has only a finite number of event times in a finite time interval.
To make this precise, the following definitions are relevant. Event times have at mostfinite multiplicity.
The set E of event times is isolated.
This solution concept leads to the following notion of solvability.
Definition 4.3 The LCS is globally non-Zeno solvable, if from each initial state there exists a non-Zeno solution on LO, 00).
A non-Zen0 solution concept can be restrictive as one might exclude relevant phenomena observed in the physical process of which the model was made. In case an event time r occurs with infinite multiplicity (i.e. there exists a sequence of event states [ x i ) i E~ (from xo to XI, from XI to x2, etc.) at event time r ) , there does not exist a non-Zen0 solution beyond r . However, if x* := limi+w xi exists and smooth continuation is possible from x * (after a finite number of jumps) on an interval ( 5 , t + E ) with E > 0, a (generalized) solution can be defined for t > r . This example indicates that one should be careful to exclude specific classes of solutions (e.g. with infinite multiplicity). 
Accumulation of event times
Apart from infinite multiplicity, one has to be careful with accumulation points. In many models accumulation of events occur and are physically interpretable.
Example 4.5 A well-known example is a model of a bounc-
ing ball (height of ball is x ) with dynamics jt = -g and constraint x ? 0. To complete the model we include Newton's restitution rule i ( r + ) = -e i ( r -) when x ( t -) = 0 and i ( r -) < 0 (0 < e < 1). In casex(t-) = i ( r -) = 0, the dynamics are equal to jt = 0 due to the constraint x 2 0.
The event times (ri)icn are related through (see [2, p.2341) assuming that x(0) = 0 and i ( 0 ) > 0. Hence, (ri)icN has a finite limit equal to t* = < 00. Since the continuous state (x(t), i ( t ) ) converges to (0,O) when t f r* a continuation beyond r* can be defined by ( x ( t ) , i ( t ) ) = (0,O) fort > r*. The physical interpretation is that the ball is at rest within a finite time span, but after infinitely many bounces. Hence, E contains a right-accumulation point.
Since our solution concept complies for mechanical systems to the inelastic impact case (as mentioned before), the bouncing ball is not an LCS (at least using the jump transition rule in (5)), but it indicates that there exist models of physical relevance that require right-accumulations of events. 
Right-Zen0 solutions
The previous examples show that one should be careful in choosing a solution concept in case one cannot a priori exclude infinite multiplicity and the occurrence of accumulations of events. If the solution space is taken too small, you may loose existence of (physically relevant) solutions. So, in general one should start with a broad solution concept. 
2.
In case an event time has infinite multiplicity, the limit of the event states should exist, say x * , and
IimtJT,fgg x ( t ) = x * .
3.
In case there is an accumulation point of event times, say r*, x ( s * -) = lim,t.*,fp x ( t ) must exist and continuation must be possible from x(r*-) (possible after a (finite or infinite) number of jumps) as imposed in item 2. In the previous discussion the event set was restricted to be right-isolated. The question arises what will happen when this condition is dropped? As we will see, it will have serious consequences for uniqueness of solutions, because many 'pathological' solutions might be included.
[O, 00).
Uniqueness of solutions
We distinguish between the following uniqueness concepts.
Definition51
The solutions of LCS are called weakly unique, if RCP(x0) has at most one solution for all initial states xg E R". 
Example 5.4
The time-reverse of (6) (which is the original example in [6] ) given by has (infinitely many) left-Zen0 solutions corresponding to initial state xo = 0. Hence, uniqueness is lost due to generalizing the solution concept. Note that if we only allow right-&no solutions (i.e. & is right-isolated), the only solution starting in the origin is the zero solution.
Allowing also "left-Zen0 solutions" resulted in nondeterminism for the system above, which is undesirable from a point of view of modelling and simulation. In contrast with smooth dynamical systems, the time is considered to be asymmetric for hybrid systems, since reversing time is not natural and does not lead to well-posed systems in general. Solutions must be considered in a 'forward sense' that complies with the notion of a right-Zen0 solution.
The solutions with left-accumulations of events in Example 5.4 do however satisfy (7) in the sense of Caratheodory.
A function x is a Carathkodory solution to i E f (x) with initial condition x(0) = XO. if x ( t ) E xo + f ( x ( s ) ) d t for all t > 0. Hence, one has to be careful in using 'classical' notions of solutions for hybrid systems. However, if one can prove uniqueness in the sense of Caratheodory, one might be able to show that no left-accumulation of events occurs (see Thm. 9.2).
In the next sections we present the state-of-the-art on wellposedness results for LCS obtained in earlier work [9, 10, 11,131. This is extended by new results on global right-Zeno existence, right-Zen0 uniqueness and results that exclude the existence of accumulation of events.
Weak well-posedness
We will say that a property depending on a parameter CT holds for sufficiently large U , if there exists a uo E R such that the property is true for all U > UO. The strength of this theorem is that dynamical properties of an LCS are coupled to properties of families of static LCPs, for which a wealth of existence and uniqueness are available [4] . Note that this theorem excludes infinite multiplicities. This result applies to e.g. linear mechanical systems with independent inequality constraints.
Global solvability
In this section we present global existence results for three classes of LCS.
Bimodal LCS
In case of a bimodal system (i. e. ( A , B , C, D) A, B, C , D ) i s weakly solvable and the solutions   4. LCS( A , B, C , D ) is locally right-Zeno solvable and the A, B , C , D ) A l l ) = (xg I CAPeWA'xO < 0 on (0, E ) for some E > 0) and G { l ) ( x ) = (x, 0). Observe that G can be defined independently of the mode by G(x) := Gn(x) when x E A 0 and by G(x) := G 11(x) when x $ AB. V[1) is, the set of consistent states of mode ( 1) and is consequently invanant under the dynamicsf = WAX.
LCS(
Let [0, r*) be the maximal interval on which a solution (U, x, y ) exists for initial state xo and suppose that r* < CO. Time r* must be a right-accumulation point of events, because otherwise the LCS evolves in either one of the modes on an interval (r* -p, r*) for somep > 0. Then it isclearthat limftr: x ( t ) exists. Consequently, continuation beyond r* would be possible due to local right-Zen0 solvability. This would contradict the definition of r*.
Without loss of generality we may assume that the initial mode is (1). Since r* is a right-accumulation of events there are infinitely many cycles consisting of smooth continuation in mode (1). smooth continuation in mode 0 and then a jump of the state variable x+ = P x . Consider the state X b at the beginning of the cycle (after the jump). It is clear that P X b = xb E V(1). Denote the duration in mode 'Note that C = 0 is a degenerate and uninteresting case. R fort E (0, E ) for some E > 0. Since xo E 9 , there exists 0 < a < E such that ( U , x, y ) is smooth. This implies that for initial state x ( r ) with r E (0, a) there exists a smooth continuation equal tot + (u(t + r ) , x ( t + r ) , y ( r + 5 ) ) . Hence, x ( r ) E R for r E (0, a), which leads to a contradiction.
Since R is invariant, there do not occur jumps in the state variablex of aright-Zeno solution aftert = 0. Hence, the multiplicities of the event times r > 0 are equal to zero. Hence, it remains to show that the LCS is globally right-Zen0 solvable.
It is proven in [9] that under the hypothesis of the theorem every mode I given by the DAE (2) is governed by f = F I X on the consistent subspace (see section 3).
Suppose that the maximal interval on which a right-Zeno solution ( U , x, y ) with initial state xo exists is [0, r*) with r* < CO (note r* > 0 due to local right-Zen0 solvability). Since the LCS is right-Zeno solvable with multiplicity at most one, we can assume that xo E R (otherwise take one initial jump). Since R is invariant under the dynamics of the LCS, it holds that x ( t ) E R for all t E [0, r*). Since in a continuous phase there is at most exponential growth, it is clear that x ( t ) is bounded on [0, r*) (say Ilx(t)ll 5 M). Hence, when the solution x is given on the interval 
Exclusion of accumulations of events
Not much is known at present concerning conditions that exclude the existence of accumulations of events. Some first steps in this direction will be presented here. 
Bimodal LCS with
Conclusions
In this paper we have given an overview of the state-ofthe-art of well-posedness theory for linear complementarity systems and extended this by new global existence results. These global existence results apply to bimodal LCS, passive LCS, LCS with low row leading coefficients and linear relay systems. However, there is still a large class not covered.
By several examples it was shown that there is aclearrelation between the solution concept, assumptions on non-&no behaviour and well-posedness. Physically relevant phenomena might be excluded by using non-Zen0 solution concepts and 'pathological' (irrelevant) solutions may be included by using a too broad solution space (allowing left-Zen0 solutions). Classical solution concepts (e.g. CarathCodory) might also not be suitable for hybrid systems, since they incorporate left-Zen0 solutions in certain cases. The examples presented here stressed that time in hybrid systems must be considered asymmetric and solutions must be defined in a forward sense. As a first step to justify non-Zen0 assumptions, we provided sufficient conditions that exclude the occurrence of infinite multiplicities and (left-)accumulations of event times.
